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Local Structure Global structure
modulo
( ) $G$ ( ) $\Delta$ vertex $x$ , edge
$\{x, y\}$ , $\Sigma$ stabilizers $G_{x},$ $G_{\{x,y\rangle}$ , G
$x,$ $\{x, y\},$
$\Sigma$ vert ices, edges, $\Sigma$ G-
$K_{x}$ $G_{x}$ etc.
$G_{x}/K_{x},$ $G_{\langle x,y\}}/K_{\{x,y\}}$ , G /K
$G/K$ (
)
(Local ) $K$ modulo $Gx’ G\{x,y\}$ , G
(amalgam types ) amalgam $A$ universal
completion $G(A)$ $G/K$
(Global ) $\Delta$ $\Sigma$ G-




(0) flag-transitive $P$- T-
(Pasini, Meixner, Pasechnick, Yoshiara, Weiss, Ivanov, Shpectorov,




(Ivanov, Shpectorov, Stroth, Baumeister, etc. )




$\mathrm{e}\mathrm{c}\mathrm{t}$ . $\geq 4$ (
)
1 $\text{ }$ 2 Ivanov, Shpectrov, Pasechnick, Wiedron etc.
(Q2) 2 ?-
?
96 S.D.Smith, Yoshiara, Sawabe Centric pradicals
(Q3) ( ) Thompson
(Q4) O’Nan
(2000 6 Stroth )
( )
(1) Tits buildings ( )
(2) Buekenhout-Shult point-line 1or all axiom ( $l$ $P$
$P$ $l$ )
Cooperstein, Shult l (metasymplectic, parapolar spaces )
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(3) Pasini, Thas, van Maldeghem $(\mathrm{c}\mathrm{i}\mathrm{r}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}/\mathrm{a}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{e})$ extended buildings I
( )
(4) Cooperstein, Shult (Ivanov ) ( )
buildings ( ) Tits
Buildings of irreducible, spherical type, rank $\geq 3$
absolutely simple algebraic groups classical groups over division rings
Tits
Affine buildings, rank $\geq 4$ Tits, 1987, [R] [ $\mathrm{A}\mathrm{a}$. buildings
at “$\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}_{\mathrm{I}}\mathrm{i}\mathrm{i}\mathrm{t}\mathrm{y}$ ” spherical
[R] opposite twin
buildings Twin builings Kac-Moody groups
2 local structure global structure
Aschbacher-Segev 3




Definition 1[$A$ , Section $\mathit{3}7J\mathcal{U}=(G, H, \Delta, \Delta_{H})$ (uniqueness system)
(1) $\Delta$ $\Delta_{H}$ $\Delta$ $G$
$H$ $G$
(2) $\Delta$ $x,$ $y$
(2-1) $\mathfrak{l}$ $H$ $h_{0}$ $y=x^{h_{0}}$
(P-2) $\Delta_{H}$ $\{x^{h}|h\in H\}$
$\{\{x, y\}^{h}|h\in H\}$
(S) $G=\langle H, G_{x}\rangle,$ $G_{x}=\langle G_{x},, {}_{y}H_{x}\rangle,$ $H=\langle H_{\{x},, {}_{y\}}H_{x}\rangle$
$H$ $t$ $x$ $y$ [ $\mathrm{A}$ , Lemma 37.2(1)]
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Uniqueness system $\mathcal{U}$ (amalgam) $A(\mathcal{U})$ $G_{x},$ $G\{x,y\},$ $H$
$G_{x,y},$ $Hx’ H\{x,y\};H_{x,y}$
( $[\mathrm{A}$ , Section 36] ) $A(\mathcal{U})$
$Gx’ G\{x,y\},$ $H$ etc. $G$
$\Delta$ $G$ $G_{x}$
( $G$ $G_{x},$ $G\{x,y\},$ $H$ )
[ $\mathrm{A}$ , Lemma 373]
$G_{x}g$ $G_{x}g’$
$\Leftrightarrow e$
$a\in G$ $G_{x}g\cap G_{\{x,y\}}a\neq\emptyset$ $G_{x}g’\cap G_{\{x,y\}}a\neq\emptyset$ .
Definition 2[$A$ , Section 37, p.199 ] $\mathcal{U}=(G, H, \Delta, \Delta_{H})$ $\overline{\mathcal{U}}=$
$(\overline{G}, \overline{H}, \overline{\Delta}, \overline{\Delta}_{\overline{H}})$ (equivalent) $\Delta_{H}$ $\{x, y\}$
$\overline{\Delta}_{\overline{H}}$ $\{\overline{x}, \overline{y}\}$ $\alpha$ : $G_{x}arrow\overline{G}_{\overline{x}}$ $\beta$ : $Harrow\overline{H}$ $t\in H\{x,y\}\backslash H_{x,y}$
$\alpha|_{H_{x}}=\beta|_{H_{x}}$ $\overline{H}_{\overline{x}}$
$\alpha|_{G_{x,y}}$ l $\overline{G}_{\overline{x},\overline{y}}$ $\beta|_{H_{\{x.y\}}}$ $\overline{H}\{\overline{x},\overline{y}\}$
{ $z\in G_{x,y}$ [ $(z^{t})^{\alpha}=(z^{\alpha})^{t^{\beta}}$ .
$G,$ $\overline{G}$ local
Lemma 3[$A$ , Lemma $\mathit{3}7.\theta$] $\mathcal{U}$ $\overline{\mathcal{U}}$ (
: $A(\mathcal{U})\cong A(\overline{\mathcal{U}})$ .
Example. [$\mathrm{A}$ , Lemma375] $\mathcal{U}$ $\tilde{G}$ $A(\mathcal{U})$ (universal
completion) $G_{x}\cup G\{x,y\}\cup H$




$G_{x}\tilde{g}’$ $\tilde{a}\in\tilde{G}$ $G_{x}\tilde{g}\cap G\{x,y\}\tilde{a}\neq\emptyset$ $G_{x}\tilde{g}’\cap G\{x,y\}\tilde{a}\neq\emptyset$
$H$ $G_{x}\tilde{h}(h\in H)$ $\tilde{\Delta}$
$\tilde{\Delta}_{\tilde{H}}$
$\tilde{\mathcal{U}}:=(\tilde{G},\tilde{H},\tilde{\Delta},\tilde{\Delta}_{\tilde{H}})$ $\mathcal{U}$ ( $\alpha,$ $\beta$
) [$\mathrm{A}$ , Lemma 375(1)]
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$A(\tilde{\mathcal{U}})\cong A(\mathcal{U})$ $\rho:\tilde{G}arrow G$ $\rho|_{G_{x}}=\alpha$ $\rho|_{H}=\beta$
$\tilde{\Delta}$ $\tilde{\Delta}$
$\Delta$
[ $\mathrm{A}$ , Lemma 37.5(3)]
$(*)\Delta$ $\Delta_{H}$ G-
$\tilde{G}\cong G$ [ $\mathrm{A}$ , Lemma 375(4)]
Aschbacher-Segev









$\overline{G}$ $G\cong\overline{G}$ . Q.E.D.
Z : $L_{5}(2),$ $M_{24}$ , He general nonsense
[A] 14
$G$ $z$
$H:=C_{G}(z)\underline{\simeq}\{(\begin{array}{llll}\mathrm{l} 0 0\backslash \mathrm{a} L_{3}(2) 0 |\mathrm{a},\mathrm{b}\in \mathrm{F}_{2}^{3},c\in \mathrm{F}_{2}c \mathrm{b} \mathrm{l}\prime \end{array}\}\cong 2_{+}^{1+6}$ : $L_{3}(2)$
$z^{G}\cap O_{2}(H)\neq\{z\}$ ( $G\neq H$ )
$H$ $L_{5}(2)$ (transvection) $G$
$L_{5}(2)$ $M_{24}$ (24 –
) H\prec ) $H$
$G$ $2^{4}$ : $L_{4}(2)$ 3
( 4 ) [$\mathrm{A}$ , Chapter 14]
$H$ $U_{1}\cong 2^{4},$ $U_{2}\cong 2^{4},$ $A_{1}\cong 2^{6}$ , $A2\cong 2^{6}$
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$U_{1}rightarrow$ $\{(\begin{array}{lll}1 0 0* I 0* 0 1\end{array})\}$ $U_{2}rightarrow$ $\{$ $(\begin{array}{lll}1 0 00 I 0* * 1\end{array})\}$
$A_{1}rightarrow$ $\{(\begin{array}{lllll}\mathrm{l} 0 0 0 00 1 0 0 0* * 1 0 0* * 0 1 0* * 0 0 1\end{array})\}$ $A_{2}rightarrow$ $\{$ ( $00**1$ $0*0*1$ $0*0*1$ $00001$ $00001$ ) $\}$
Lemma 5 $[A, \mathit{4}\mathit{0}.\mathit{5}]$ 1 2
(0) $G=N_{G}(U_{1})\cong 2^{4}$ : $L_{4}(2)$
(1) ($L_{5}(2)\pi_{\mathrm{B}^{\mathrm{I}\int})}$ $i=1,2$ $N_{G}(U_{i})/U_{i}\cong L_{4}(2),$ $N_{G}(A_{i})/A_{:}\cong L_{3}(2)\cross S_{3}$
(2)($M_{24}$ ) $N_{G}(U_{1})/U_{1}\cong L_{4}(2),$ $N_{G}(U_{2})=H$ ,
$N_{G}(A_{1})/A_{1}\cong L_{3}(2)\cross S_{3},$ $N_{G}(A_{2})/A_{2}\cong 3\cdot S_{6}$
(3) (He $\#\mathrm{I}\intarrow$) $i=1,2$ $N_{G}(U_{i})=H,$ $N_{G}(A_{i})/A_{:}\cong 3\cdot S_{6}$
(1),(2) $,(3)$ $G\cong L_{5}(2),$ $G\cong M_{24},$ $G\cong He$
(1),(2)
$N_{G}(U_{1}),$ $N_{G}(A_{1}),$ $N_{G}(A_{2})$ 3
$\Gamma(G):=(G/N_{G}(U_{1}), G/N_{G}(A_{1}),$ $G/N_{G}(A_{2}))$ $\Delta$ $\Gamma$ $\Delta_{H}$ $H$
$\Delta$
$L_{5}(2)$ $M_{24}$ $L_{5}(2),$ $M_{24}$
$L_{5}(2)$ 4 (
) $M_{24}$ $S(5,8,24)$ .
$L_{5}(2)$ $\Gamma(L_{5}(2))$ $\Delta(L_{5}(2))$
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$(*)$ $M_{24}$ $\Delta(M_{24})$ $\Delta_{H}$
$(*)$
$G$ $H$ , $\Delta$ $\Delta_{H}$
$\mathcal{U}:=(G, H, \Delta, \Delta_{H})$ $G$
$\overline{G}$ $G$ $\mathcal{U}=(G, H, \Delta, \Delta_{H})$ $\overline{\mathcal{U}}:=$
$(\overline{G}, \overline{H}, \overline{\Delta}, \overline{\Delta}_{\overline{H}})$ [$\mathrm{A}$ , Lemma 414]
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$G$ $(\overline{G})$
$\overline{G}$ $\tilde{G}$ $G$ $\tilde{G}=G$
$G$ $\overline{G}\cong G$ $L_{5}(2),$ $M_{24}$
He $(*)$ $\Delta$
$\Delta$
$\text{ }[\mathrm{A}$ , Section $42-44]_{\text{ }}$
[ $C_{G}(z)\cong$ ( $\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{a}1$ $2$-group)(orthogonal group) /
$z$ ( ) $[\mathrm{A}$ , Chapetr $16]_{\text{ }}(J_{2},$ $Suz$ , CO1
$\Delta$ 3
- )
:Monster $\mathrm{Y}$- Ivanov-Norton Monster Y-
$\mathrm{Y}_{555}$
Norton $(\mathrm{Y}_{555})’$ $H$
$H=\langle H_{1}, H_{2}, H_{3}\rangle$ $H_{1}\cong 2^{1+24}$ .C01, $H_{2}\cong 2^{2+11+22}.(S_{3}\cross M_{24}),$ $H_{3}\cong$
$2^{3+6+12+18}.(L_{3}(2)\cross 3S_{6})$ . $[H_{2} : H_{1}\cap H_{2}]=3,$ $[H_{3} : H_{3}\cap H_{1}.]$ $=7(i=1,2)$ .
$H_{3}$ $L_{3}(2)$ $H_{3}/(H_{3}\cap H_{\dot{l}})(i=1,2)$ $L_{3}(2)$
$PG(2,2)$
Ivanov $H$ $\mathrm{M}$
[Iv] $H_{3}$ $J\mathrm{s}$– $\sigma$ $L:=\langle C_{H}(:\sigma)|i=$
$1,2,3\rangle$ 2 $\cdot BM$ ($BM$ )
[T2] local
$H/L$ $\Delta(H)$
stabiliz.er $X$ $2^{2.2}E_{6}(2)$ $A=(H_{1}, L, X)$
$\mathrm{M}$ $H$ $\Delta(H)$ $\Delta(\mathrm{M})$
$\Delta(\mathrm{M})$ 2A-
$2A$- ( )
$H\cong \mathrm{M}$ . ( Aschbacher-Segev $G_{x}$ ,





Definition 6 $M=(m_{\dot{l}j})_{1\dot{\theta}\in I}$.
1 2 $\infty$
(Coxeter matrix) $I$ $J$
$j\in J$ $k\in I-J$ $mjk=2$ $M$ (reducible)
(lrreducible)
Definition 7 $M=(m_{ij})_{i,j\in I}$ $(W, S)$ $M$
(Coxeter group) $W$ $S=\{s_{i}|i\in I\}$ { $(s_{i}s_{j})^{m_{\mathrm{j}}}\dot{\cdot}=1$
$\mathrm{S}$:
$J\subseteq I$ $W_{J}:=\langle sj|j\in J\rangle$ $w\in W$ $S$
$w$ $l(w)$
Definition 8 $M$ $(W, S)$ $W$ - $W$ -distance)
$d:\Delta\cross\Deltaarrow W$ $\Delta$ $M$ (a building of type $M$)
(Bul) $x,$ $y\in\Delta$ [ $x=y$ $d(x, y)=1$ [ (
(Bu2) $x,$ $y,$ $z\in\Delta$ { $d(x, y)=w$ $d(y, z)=s\in S$ $d(x, z)=w$ $ws$
{ $l(ws)=l(w)+1$ $d(x, z)=ws$
(Bu3) $d(x, y)=w$ $x,$ $y\in\Delta$ $s\in S$ } $d(y, z)=s$ $d(x, z)=ws$
$z\in\Delta$
$\Delta$ (chamber)
: $/\backslash ^{\text{ }}$ (Apartments) $(W, S)$ $M$ $d_{W}(x, y):=x^{-1}y$
$d_{W}$ $(W, d_{W})$ $M$ $M$
$(\Delta, d)$ $\Delta$ $A$ $(A, d|_{A\mathrm{x}A})$ $(W, d_{W})$
$A$ (apartment) $\mathrm{A}^{\mathrm{a}}$ $c\in\Delta$ [
:( $PG(n-1,$ $k)$ ) $V$ $k$ $n$
$n-1$ $c=(V_{1}, V_{2}, \ldots, V_{n-1}),$ $dim(V_{i})=i,$ $V_{1}\subset V_{2}\subset\cdots\subset V_{n-1}$
$\Delta$ $c’\in\Delta$ $\Delta$ $c_{0}=c,$ $c_{1},$ $c_{2},$ $\ldots,$ $c_{m}=d$
$j=1,$ $\ldots,$ $m$ $c_{i-1}$ $c_{i}$ $j_{i}$
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$d(\mathrm{c}, d)\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\mathrm{S}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT},$
$\cdots\ovalbox{\tt\small REJECT}_{m}$
$W$
$(\Delta, d)$ ( $\ovalbox{\tt\small REJECT}_{-1}$ ) (
$A_{-1}$, 3 2 )
$(\Delta, d)$ $M$ $J\subseteq I$ $c\in\Delta$ $\Delta$
$\Sigma_{J}(c):=\{d\in\Delta|d(c, d)\in W_{J}\}$ $c$ J- ( $J$-sphere at center $c$)
$J$ $J$- $\Delta$ $|J|=|I|-1$ $J$ J-
$\mathrm{n}_{k}\Sigma_{J_{\mathrm{k}}}(c_{k})\neq\emptyset$ $\Sigma_{J_{k}}(c_{k})$ (
$d\in\Delta,$ $K\subseteq I$ k $\Sigma_{J_{k}}$ $(c_{k})=\Sigma K(d)$ ) $\Delta$
2 ( $\mathrm{G}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}1_{\acute{1}}\mathrm{z}\mathrm{e}\mathrm{d}$ Polygons) $|I|$ (rnk) 2
2 ($2m$ )
( $m$ $\dot{\mathrm{r}}\pm 2\mathrm{m}$ )




Definition 9 $\Delta$ $M$ $A$ $\Delta$ $A$ $(W, d_{W})$











Definition 10 $\alpha$ $U_{\alpha}$ 1
:
$U_{\alpha}:=$ {$g\in Aut(\Delta)|g$ fixes every chambers $x$ having a codim 1-simplex in $\alpha-\partial(\alpha)$ }.
( )
$\alpha=\{(\langle e\mathrm{o}\rangle, \langle e_{0},e_{1}\rangle), ((e_{1}\rangle, \langle e_{0}, e_{1}\rangle), ((e_{1}\rangle, (e_{1}, e_{2}\rangle)\}$
$\partial(\alpha)=\{\langle e\mathrm{o}\rangle, \langle e_{1},e_{2}\rangle\}$
$\alpha-\partial(\alpha)$ 1
$((e_{0}\rangle,$ $(e_{0}, e_{1}\rangle),$ $(\langle e_{1}),$ $(e_{1}, e2\rangle)$ ,
( $(xe_{0}+e_{1}\rangle, \langle e_{0}, e_{1}\rangle),$ (( $e_{1}\rangle$ , $(e_{1},xe0+e_{2}\rangle),$ $x\in k$ ;
( ) $\langle e_{0}, e_{1}\rangle$ $\langle e_{1}\rangle$
$Aut(PG(2, k))$ $U_{\alpha}$ $e_{0},$ $e_{1},$ $e_{2}$






Theorem 11 $\Delta$ $\Delta’$ $\Delta$ $A$ $c$ $\Delta’$
$A’$ $c’$ $c$ 2 $\Delta$
E2(c) : $E_{2}(c):=\{x\in\Delta|x\in\Sigma_{J}(c)(\forall|I-J|\leq 2)\}$ . $E_{2}(d)$
$E_{2}(c)\cup A$ $E_{2}(c’)$ $\cup A’$ ( ) $\Delta$
$\Delta’$
Tits
[Tl, Subsection 4.4.-4.17, pp.61-74]
([T1] p.274
[$\mathrm{R}$ , Corollary 67, p.67] )
Corollary 12 $\triangle$ $M$ $|I|$ 3 -W
) $\alpha$ $U_{\alpha}$ $\alpha$
( $\Delta$ $\Delta$ (Moufang)
Proof. $\alpha$ $A,$ $A’$ $\partial(\alpha)$
$c$ $\alpha$ E2(c)\cap A $E_{2}rightarrow$) $\cap A’$ } $\alpha$
$\alpha$ $A$ $A’$ $\rho$ $A\cong A’\cong$











Theorem 13 $[T\mathit{2}]$ ( $I$ ) 2





















( 12 ) $\text{ }$ 2
2 ( )















(twininig of buddings (or twin buddings)) [T3] $\text{ }$ Tits
M\"ullehrer
(200 1 3 21 )
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